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Optimal Reduced-Order Estimators
for Parameter-Dependent Systems

Alina Zlochevsky¤ and Yoram Halevi†

Technion—Israel Institute of Technology, 32000 Haifa, Israel

The optimal reduced-order estimation problem in which the plant model depends on parameters, which are
known at the time of operation, is considered. Such cases occur when the parameters are either measurable or
their changing values are known in advance. A method for approximation of the updated estimator, without
complete re-solution of the problem, is given. A similar approach is used to develop a new algorithm for the
numerical solution of the nominal reduced-order estimation problem.

Nomenclature
A; B; C = n £ n; n £ m; r £ n system matrices
Ae; Be; Ce; De = ne £ ne; ne £ r; l £ ne; l £ r estimator matrices
Diag.Z/ = diagonal of matrix Z
E = expected value
I = identity matrix
L = l £ n matrix
Q; OQ; OP = n £ n nonnegativede� nite matrices
Qa = n £ m matrix
R = n £ n positive-de�nite matrix
Rs £ p = s £ p real matrices
V1; V2 = m £ m; r £ r positive-de�nite covariance

matrices
V12 = m £ r cross-covariancematrix
Vec.Z / = columns of matrix Z stacked in a vector
w1; w2 = m-, r-dimensional white noises
x; xe; y; ye = n-, ne-, r -, l-dimensional vectors
0; G = ne £ n matrices
¿; ¿? = n £ n projection matrices

I. Introduction

A PPROXIMATION of high-order, complex systems by lower-
order, relatively simpler ones is one of the fundamental prob-

lems in linear system theory and has receivedconsiderableattention
for many years. Order reduction can be applied to models of the
plant, feedbackcontrollers,and state estimators.Among these three
types of dynamic systems the need for order reduction is perhaps
most obvious in state estimation becausemodels are usually used in
off-line applications, and controllers, unless designed by some au-
tomatic method such as linear-quadratic-Gaussian (LQG) H1 , etc.,
need not have high order. Standard state estimators, on the other
hand, are on-line devices whose order is equal to that of the system.

One suboptimal approach to the design of reduced-order es-
timators is to use a reduced-order model, obtained by one of
the existing methods such as balanced realization,1 Hankel norm
approximation,2 or L2 optimization,3;4 and then design a full-order
estimator for it. Another approach is to � rst design the full-orderes-
timator and then treat it as a model and reduce its order by use of the
same methods. However, none of these approaches is optimal be-
cause order reduction and optimizationare not independentof each
other. Direct design methods, e.g., Refs. 5–7, combine order reduc-
tionandestimationwithin a singleframework.The optimalreduced-
orderestimationproblemwas � rst solvedby Bernsteinand Hyland.8

Since then it has been extended to several directions, such as singu-
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lar cases,9 unstable plants,10 observer–estimator structure,11;12 and
steady-state preservation.13

The starting point of all these methods is a given, constant plant
model. In many cases the plant model depends on physicalparame-
ters that may change. If those changesare unknown then one should
use either robust estimation methods14;15 or adaptive estimation.16

Robust estimationmeans that a singleconstantestimatoris designed
to have the required performance for a family of plants. In adaptive
estimation the parameters are identi� ed in real time and the esti-
mator is updated accordingly. However, in some applications the
parameters can be assumed to be known at any time, either be-
cause they are measurable, e.g., altitude, or because one has prior
knowledge regarding the changing values. The question is how to
update the optimal reduced-order estimator with the known values
of the parameters. This problem is essentially gain scheduling for
this special type of estimator. Because estimation is an open-loop
procedure and both the plant and the estimator (for all values of the
parameters) are stable, no stability problem arises, contrary to gain
scheduling in control.17

The physical situation considered in this work is that the param-
eter is a constant that may change and is not a continuous function
of time. Therefore the optimal steady-state estimator is considered.
If the parameters change continuouslybut slowly enough, then the
steady-state estimator for their current value can still be used as it
represents an adiabatic approximation.18 In the full-order case, up-
dating the estimator whenever the parameters change requires the
solution of the algebraic Riccati equation, which is sometimes pos-
sible during operation.Because the computation effort required for
the nominal solutionof the reduced-orderestimator is much higher,
it cannot be done in real time and a different approach should be
taken.

In this paper an approximated updating scheme, based on a se-
ries expansionof the optimal reduced-orderestimator, is presented.
Most of the calculation is done off line, which makes it suitable
for on-line applications.A similar result for updating reduced-order
modelswas consideredin Ref. 19. However, as was discussed in the
preceding paragraphs, order reduction and estimation are coupled
and the problem needs separate treatment.

The derivation leads also to a new method of numerical solution
of the nominal reduced-order estimation problem. The idea is to
de� ne a system � ctitiously with a known reduced-order estimator
as the nominal system and to regard the passageto the true systemas
a parameter change. The method can be an alternative to homotopic
methods,20;21 which are commonly used to solve this problem.

The material is organized as follows. Section II presents the opti-
mal reduced-orderestimationproblemand its solutionanddiscusses
the numerical solution of the equations. In Sec. III an updating
scheme, which is the main result of the paper, is derived.The appli-
cability of the method is demonstrated by means of an example in
Sec. III. Section V deals with the numericalsolution for the nominal
case based on the model updating schemes of Sec. III. The results
are summarized and discussed in Sec. VI.
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II. Optimal Reduced-Order Estimation
Given the stable nth-order system

Px.t/ D Ax.t/ C Bw1.t/ (1)

y.t/ D Cx.t/ C w2.t/ (2)

where

E
w1.t/

w2.t/
wT

1 .¿/ wT
2 .¿ / D

V1 V12

V T
12 V2

±.t ¡ ¿ /

V2 > 0 (3)

it is desired to � nd an neth-order estimator (ne < n) given by

Pxe.t/ D Aexe.t/ C Bey.t/ (4)

ye.t/ D Cexe.t/ C Dey.t/ (5)

that minimizes

J D lim
t ! 1

E [Lx.t/ ¡ ye.t/]
T R[Lx.t/ ¡ ye.t/] (6)

The matrix L determines the linear combinations of the state vari-
ables that are to be estimated, and R > 0 is a constant weighting
matrix. It is well known that the full-order optimal estimator, i.e.,
the Kalman � lter, is independentof L and R, but this is not the case
in reduced-orderoptimization.

The followingLemma is required for the solutionof the problem.
Lemma 2.1 (Ref. 8): Let OQ, OP 2 Rn £ n benonnegativede� nite and

rank OQ D rank OP D rank OQ OP D ne . Then there exist (nonunique) G,
0 2 Rne £ n and nonsingular M 2 Rne £ ne such that OQ OP D 0MGT

and 0GT D Ine . The projections ¿ D GT 0 and ¿? D In ¡ ¿ are in-
dependent of the particular choice of G and 0.

The optimal reduced-order estimator is given by the following
theorem.

Theorem 2.1 (Ref. 8): Suppose that .Ae; Be; Ce/ solves the opti-
mal reduced-orderestimation problem. Then it is given by

Ae Be

Ce De

D
0 A ¡ Qa V ¡1

2 C GT 0Qa V ¡1
2

LGT 0
(7)

where

Qa D QC T C BV12 (8)

0, GT , ¿ , and ¿? are as in Lemma 2.1 and the nonnegativede� nite
matrices OQ, OP , Q 2 Rn £ n satisfy

AQ C Q AT C BV1 BT ¡ Qa V ¡1
2 QT

a C ¿? Qa V ¡1
2 QT

a ¿ T
? D 0 (9)

A OQ C OQ AT C QaV ¡1
2 QT

a ¡ ¿? Qa V ¡1
2 QT

a ¿ T
? D 0 (10)

A ¡ QaV ¡1
2 C

T OP C OP A ¡ Qa V ¡1
2 C

C LT RL ¡ ¿ T
? L T RL¿? D 0 (11)

rank. OQ/ D rank. OP/ D rank. OQ OP/ D ne (12)

Equations (9–12) are independent of the speci� c realization of
.Ae; Be; Ce/ and have a distinct structure. On the other hand, these
equationsare not in a convenientform for numerical solution, as the
rank condition is hard to enforce. To obtain a more suitable form
we introduce in the following Lemma a speci� c factorization.

Lemma 2.2 (Ref. 20): Suppose that OQ and OP 2 Rn £ n are non-
negative de� nite and condition (12) is satis� ed for some ne < n.
Then there exist G0, 00 2 Rne £ n and diagonal positive-de�nite
30 2 Rne £ ne such that

OQ D GT
0 30G0; OP D 0T

0 3000; 00GT
0 D Ine

First we note that OQ OP D GT
0 32

000; hence the triplet .G0; 00; 32
0/

is a factorization of OQ OP as in Lemma 2.1 and represents a speci� c
realizationof the estimator. If the diagonal entries of 30 are distinct

and arranged in a certain order, e.g., descending, then this factor-
ization is unique up to multiplication of the i th row of both 00 and
G0 by ¡1. Hence 00 , G0, and 30 , together with Q, constitute an
appropriate set of unknowns for the solution.

By premultiplying Eq. (10) by 00, postmultiplying Eq. (11) by
GT

0 , and using the relationships00¿? D 0 and ¿?GT
0 D 0, we obtain

AQ C Q AT C BV1 BT ¡ Qa V ¡1
2 QT

a

C In ¡ GT
0 00 Qa V ¡1

2 QT
a In ¡ GT

0 00
T D 0 (13)

00 AGT
0 30G0 C GT

0 30G0 AT C Qa V ¡1
2 QT

a D 0 (14)

A ¡ Qa V ¡1
2 C

T
0T

0 3000 C 0T
0 3000 A ¡ Qa V ¡1

2 C

C LT RL GT
0 D 0 (15)

00GT
0 ¡ Ine D 0 (16)

The only obstacle that remains, except for the actual solution of
this set of coupled nonlinear equations, is that there are more equa-
tions than unknowns. Equations (13–16) contain n2 C 2n £ ne C n2

e
scalar equations but only n2 C 2n £ ne C ne unknowns. However,
it was shown in Ref. 19 that Eqs. (14) and (15) contain each only
ne £ n C .n2

e ¡ ne/=2 independentequations,which makes thenum-
ber of independent equations and unknowns equal. Equations (13–

16) are the basis for the main results of the paper in Sec. III. We
now drop the subscript0 from 0, 3, and G T , but they still represent
the values obtained by the factorization in Lemma 2.2.

III. Parameter-Dependent Reduced-Order Estimator
Supposethat the systemdependson a vectorof known parameters

®, i.e.,
Px.t/ D A.®/x.t/ C B.®/w1.t/ (17)

y.t/ D C.®/x.t/ C w2.t/ (18)

Then the optimal reduced-orderestimator also depends on ®:

Ae.®/ Be.®/

Ce.®/ De.®/
D

0.®/ A.®/ ¡ Qa.®/V ¡1
2 C.®/ GT .®/ 0.®/Qa.®/V ¡1

2

LGT .®/ 0

(19)

The dependenceof A, B, and C is explicitwhereas that of 0, G, and
Q is implicit by means of Eqs. (13–16). The ability to update the
parametersduring operation is often a necessity, as explained in the
introduction, and an on-line solution of Eqs. (13–16) is unrealistic.
In this section we derive two approximatedupdatingschemes of the
reduced-order estimator for a given change of the parameter. Both
are based on power-series expansion about the nominal ®0. For the
sake of simplicity of the presentation we assume for the moment
that ® is a scalar. The generalization for the vector case is given in
Remark 3.4.

Scheme I: In this approach 0.®/, G.®/, and Q.®/ are approxi-
mated by a truncated Taylor series:

O0.®/ D 0.®0/ C
@0

@®
.® ¡ ®0/ C ¢ ¢ ¢ C

1
p!

@ p0

@® p
.® ¡ ®0/p (20)

OG.®/ D G.®0/ C @G

@®
.® ¡ ®0/ C ¢ ¢ ¢ C 1

p!

@ pG

@® p
.® ¡ ®0/p (21)

Q.®/ D Q.®0/ C @ Q

@®
.® ¡ ®0/ C ¢ ¢ ¢ C 1

p!

@ p Q

@® p
.® ¡ ®0/p (22)

All the derivativesare evaluatedat ® D ®0 and this is the convention
from now on. The approximationsare then used in Eq. (19) instead
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of the exact 0.®/, G.®/, and Q.®/:

Ae.®/ Be.®/

Ce.®/ De.®/

»D

O0.®/ A.®/ ¡ OQa.®/V ¡1
2 C.®/ OGT .®/ O0.®/ OQa.®/V ¡1

2

L OGT .®/ 0

(23)

Scheme II: In this approach the estimator matrices are approxi-
mated directly:

OAe.®/ D Ae.®
0/ C @ Ae

@®
.® ¡ ®0/ C ¢ ¢ ¢ C 1

p!

@ p Ae

@® p
.® ¡ ®0/p

(24)

OBe.®/ D Be.®
0/ C @ Be

@®
.® ¡ ®0/ C ¢ ¢ ¢ C 1

p!

@ p Be

@® p
.® ¡ ®0/p

(25)

OCe.®/ D Ce.®
0/ C @Ce

@®
.® ¡ ®0/ C ¢ ¢ ¢ C 1

p!
@ pCe

@® p
.® ¡ ®0/p

(26)

The off-line calculations of both schemes are almost identical be-
cause the partial derivatives of the estimator matrices are calcu-
lated from those of 0, G, and Q. From an on-line operation point
of view, Scheme II is superior because it involves less calculation
and is in a lower dimension then Scheme I. Our experience, based
on several examples, shows that the accuracy of both schemes for
the same order of approximation p is comparable. We therefore
proceed with Scheme II; yet the derivation includes the required
steps for Scheme I as well. DifferentiatingEq. (7) with respect to ®
yields

@ Ae

@®
D @0

@®
NAGT C 0

@ NA
@®

GT C 0 NA @GT

@®
(27)

@ Be

@®
D @0

@®
B C 0

@ B

@®
(28)

@Ce

@®
D @C

@®
GT C C

@GT

@®
(29)

where

NA A ¡ Qa V ¡1
2 C (30)

@ NA
@®

D @ A

@®
¡ @ Qa

@®
V ¡1

2 C ¡ Qa V ¡1
2

@C

@®
(31)

@ Qa

@®
D @ B

@®
V12 C @ Q

@®
CT C Q

@C T

@®
(32)

By substituting Eqs. (30–32) into Eq. (27), we obtain

@ Ae

@®
D f1 A; B; C;

@ A

@®
;

@ B

@®
;

@C

@®
; 0; G; Q;

known

@0

@®
;

@G

@®
;

@ Q

@®

(33)

and similar expressionsfor Be and Ce. @ A=@®, @ B=@®, and @C=@®,
which appear in Eq. (33), are known matrices, and therefore we
need to calculate only @Q=@®, @0=@®, and @GT =@®. At this point
it should be noted that the fact that 0 and GT in Eqs. (13–16)
represent a speci� c realization is an advantagebecause the changes
that are required correspond to that realization.

DifferentiatingEqs. (13–16), which can be symbolically written
as

H .A; B; C; 0; G; 3; Q/ D 0 (34)

leads to

@ H

@®
D

F1 A; B; C;
@ A

@®
;

@B

@®
;

@C

@®
; 0; G; 3; Q;

coef� cients

@0

@®
;

@G

@®
;

@3

@®
;

@Q

@®

unknowns

D 0 (35)

These equationsare linear in the unknownsand can be easily solved.
Substituting the solutions into Eq. (33), we get the � rst-order term
in the series expansion. To obtain a higher-order term we proceed
in a similar manner and differentiate Eq. (35) once more. @ Q=@®,
@0=@®, and @GT =@® have already been calculated and are known
at this stage, so the only unknowns are the second-orderderivatives
of 0, G , and Q, which will be used in the evaluationof the second-
order derivatives of Ae , Be, and Ce. Repeating the same procedure
k times, we get the following results:

@k Ae

@®k
D

k

i D 0

k

j D 0

¯k
i j

@ i 0

@®i

@ j NA
@® j

@k ¡ i ¡ j GT

@®k ¡ i ¡ j
(36)

@k Be

@®k
D

k

i D 0

° k
i

@ i 0

@®i

@ k ¡ i Qa

@®k ¡ i
V ¡1

2 (37)

@kCe

@®k
D L

@k GT

@®k
(38)

where

@ k NA
@®k

D @k A

@®k
¡

k

i D 0

° k
i

@ i Qa

@®i
V ¡1

2

@ k ¡ i C

@®k ¡ i
(39)

@k Qa

@®k
D @k B

@®k
V12 C

k

i D 0

° k
i

@ i Q

@®i

@k ¡ i CT

@®k ¡ i
(40)

and

¯k
i j D

k!
i ! j !.k ¡ i ¡ j/!

if i C j · k

0 otherwise

(41)

° k
i D

k!
i !.k ¡ i/!

(42)

To calculate these values we need the derivatives of 0, G , and
Q up to kth order. The results are summarized in the following
lemma, in which we use the notation Xk D @k X=@®k , where X is
any variable.

Lemma 3.1: Qk ; 0k ; G k , and 3k are given, for all k, by

NAQk C Qk
NAT ¡ GT

k 0 C GT 0k Qa¿ T
? ¡ ¿? Qa 0T G k C 0T

k G

C ¿? QkC
T V ¡1

2 QT
a C QaV ¡1

2 C Qk ¿ T
? D D1;k (43)

0k E C 0 AGT
k 3G C 0 AGT 3k G C 0 AGT 3Gk

C 0GT
k 3G AT C 0GT 3k G AT C 0GT 3Gk AT

C 0Qk CT V ¡1
2 QT

a C 0Qa V ¡1
2 C Qk D D2;k (44)

FGT
k ¡ C T V ¡1

2 C Qk
OPGT ¡ OP Qk C T V ¡1

2 CGT

C NAT 0T
k 3 C NAT 0T 3k C NAT 0T 30k GT C 0T

k 30AGT

C 0T 3k 0 AGT C 0T 30k AGT D D3;k (45)

0k GT C 0GT
k D D4;k (46)
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where

E
1D A OQ C OQ AT C Qa V ¡1

2 QT
a (47)

F
1D NAT OP C OP NA C L T RL (48)

The D j;k consistof Q; 0; GT , and 3 and their k ¡ 1 � rst derivatives.
The expressions for them are fairly long and are therefore given in
the Appendix.

Proof: For k D 1, Eqs. (43–46) are the detailedversionof the con-
ceptual equation (35). We obtain them by differentiatingEqs. (13–

16) with respect to ® and moving all the known terms, which are
given in the Appendixby setting k D 1, to the right-handside.When
Eqs. (43–46) are differentiated and only the highest-order deriva-
tives Qk; 0k ; GT

k , and 3k are kept on the left-handside, the structure
remains the same and only the right-hand side changes.

Remark 3.1: Equations (43–46) are linear in Qk ; 0k; GT
k , and 3k ,

where the right-handsides, though lookingvery complex, consistof
known quantities at the kth step. By means of Kronecker products
and a similar operation for diagonal matrices, these equations can
be written in the standard form,

&

66$

t11 t12 t13 t14

t21 t22 t23 t24

t31 t32 t33 t34

t41 t42 t43 t44

’

77% ¢

&

66$

Vec GT
k

Vec.0k/

Diag.3k/

Vec.Qk /

’

77% D

&

66$

Vec.D1;k/

Vec.D2;k/

Vec.D3;k/

Vec.D4;k/

’

77% (49)

whereVec(¢) is a vectorobtainedwhen thecolumnsof (¢) are stacked.
Remark 3.2: Equation (33) has n2 C 2nne C n2

e rows (equations)
and n2 C 2nne C ne unknowns. However, the partial derivatives are
evaluated at a point that is an exact solution of Eqs. (13–16); hence
Eq. (49) is consistent.One can either use a left inverse of the coef-
� cient matrix or simply delete n2

e ¡ ne equations.
Remark 3.3: An important property of the solution is that the

coef� cient matrix is independent of the derivatives order k, and
only the right-hand side of Eq. (49) changes. Hence the procedure
involvesonly one matrix inversion(or an equivalentoperationon the
coef� cient matrix) and the amount of computation is only weakly
affectedby the order of the approximation,i.e., the number of terms
used in the series. This is very favorable from a computation point
of view.

Remark 3.4: There is no conceptual change in the results when
the system depends on N parameters ®i instead of a single one. The
following changes are made in the entire derivation:

@ p X

@® p
!

p1

¢ ¢ ¢
pN

@ p X

@®
p1
1 ¢ ¢ ¢ @®

pN
N

;

N

i D 1

pi D p (50)

@ p X

@® p
.® ¡ ®0/p !

p1

¢ ¢ ¢
pN

@ p X

@®
p1
1 ¢ ¢ ¢ @®

pN
N

£ ®1 ¡ ®0
1

p1 ¢ ¢ ¢ ®N ¡ ®0
N

pN (51)

To be more speci� c, Eqs. (27–35) remain the same with ®i instead
of ® and they are calculated N times. Hence in � rst-order approx-
imation the changes are minimal. In higher-order approximations
the unknowns in Eqs. (43–46) represent an increase in the order of
the derivative of a single parameter, say ® j :

Qk ! Qk1;: : :;k j ¡ 1;k j C 1;k j C 1 ;: : :;kN ;

N

i D 1

ki D k ¡ 1 (52)

The left-hand side of Eqs. (43–46) or, equivalently, Eq. (49), is
constant for each ®i . The matrix inversion is performed not once,
as in Remark 3.3, but N times. Going back from the derivatives of
the projection to those of the estimator matrices in Eqs. (36–38) is
straightforwardyet involves summation over all the parameters.

The procedure for obtaining the coef� cient matrices for the
parameter-dependentreduced-orderestimator is summarized in the
following algorithms for both schemes.

Fig. 1 System of the example.

Scheme I:
Step 0: Set k D 1.
Step 1: Calculate D j;k , the right-hand-sideterms in Eq. (49).
Step 2: Solve Eq. (49) for Q k , 0k , Gk , and 3k .
Step 3: If k D p, stop. Otherwise set k D k C 1 and go to step 1.
The outputs are the constantmatrices Qk , 0k , and G k , k D 1; : : : ; p.
The updated (0; GT ; Q) are calculated on line from Eqs. (20–22)
and the updated (Ae, Be, Ce) follow from Eq. (19).

Scheme II:
Step 0: Set k D 1.
Step 1: Calculate D j;k , the right-hand-sideterms in Eq. (49).
Step 2: Solve Eq. (49) for Q k , 0k , Gk , and 3k .
Step 3: Calculate @k Ae=@®k , @k Be=@®k , and @k Ce=@®k .
Step 4: If k D p, stop. Otherwise set k D k C 1 and go to step 1.
The outputs are the constant matrices @k Ae=@®k , @k Be=@®k , and
@k Ce=@®k , k D 1; : : : ; p. The updated (Ae, Be , Ce ) are calculatedon
linefromEqs. (24–26) , a procedurethat involvesonlymultiplication
of given matrices by scalars and one summation.

IV. Example
Consider the system in Fig. 1, which can be regarded as a sim-

pli� ed model of a � exible structure such as an airplane wing, a
lightweight robot arm, etc. The random force f is modeled as white
noise with intensity V1. The output is de� ned as the displacement
y1, and the measurement noise is w2.

The state-space model is given by

Px D

&

666666$

0 0 1 0

0 0 0 1

¡
k1

m1

k1

m1
¡

c1

m1

c1

m1

k1

m2
¡

k1 C k2

m2

c1

m2
¡

c1 C c2

m2

’

777777%
x C

&

6666$

0

0
1

m1

0

’

7777%
f (53)

y D [1 0 0 0]x C w2 (54)

The nominal values are

m1 D m2 D 1; k1 D k2 D 1; c1 D 0:1; c2 D 0:3

V1 D 0:75; V2 D 0:1; V12 D 0

L and R were both selected as I4 , i.e., the entire state vector is
estimated. k1 may change and is given by

k1 D 1 C 1k (55)

The goal is to � nd an estimator of the order of 2 for this fourth-
order system for a range of 1k. Applying the method described in
Sec. III for second-order approximation,we get

Ae D
¡0:4702 0:6451

¡2:1010 ¡1:0093
C

0:0594 0:0990

0:4358 0:3608
1k

C
¡0:0471 ¡0:0708

¡0:6422 ¡0:5498
1k2 (56)

Be D
¡0:3545

¡1:2717
C

¡0:0940

¡0:0953
1k C

0:0576

¡0:1286
1k2 (57)
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Ce D

&

66$

¡1:3198 ¡0:7415

¡0:8358 ¡0:3444

0:3243 ¡1:0860

0:1415 0:7842

’

77% C

&

66$

0:5236 0:3581

¡0:0483 ¡0:0218

¡0:0638 0:4595

0:0444 ¡0:0726

’

77% 1k

C

&

66$

¡0:4875 ¡0:3644

0:1119 ¡0:0511

0:0312 ¡0:4491

¡0:0030 0:1616

’

77% 1k2 (58)

The optimal reduced-orderestimator for a given k1 is always stable.
Because Eq. (56) is an approximation of the true Ae , one should
check the range of 1k for which it is stable. A simple search reveals
that Ae in Eq. (56) is stable for ¡3:7 < 1k < 8:6, which is well
beyond the physical range. As the criterion of accuracy we use the
normalized deviation of the approximated estimator cost Japr from
the cost Jex for the exact solution (which was calculated separately
for each value of k1 ):

" D
Japr ¡ Jex

Jex

(59)

Figure 2 shows " as a function of 1k for approximations of the
order of 2, 1, and 0 (which means that the estimator remains un-
changed). The approximations are very good even for 50% devi-
ation from the nominal value, and, as was expected, the accuracy
increaseswith the order of the approximation.For 1k D ¡50% the
deviation in the cost " without updating is »80%. The � rst-order
approximationimproves it to 13%, and second-orderapproximation
improves it to 2%.

V. Application to the Solution of the Nominal Problem
By changing our point of view, we can use the method that was

developed in Sec. III to solve the nominal problem that is given in
Theorem 2.1. Let

NP D
A B

C 0
(60)

be the system for which we want to � nd the optimal neth-order
estimator and

P0 D
A0 B0

C0 0
(61)

be a system for which the solution is given, i.e., 0, G, and Q are
known. Then we can de� ne

P.®/ D P0 C ®. NP ¡ P0/ (62)

and clearly

P.1/ D NP (63)

Hence we can � nd the reduced-order estimator for NP by using the
methods of Sec. III with ® D 1. Assuming that the series converges,
then by adding more and more terms we get closer to the exact
solution. Note that, although in general ® D 1 is not regarded as
small, it is the product ®. NP ¡ P0/ that should be relatively small
becausethederivativesof Q,0, G , and3 areproportionalto @ P=@®,
i.e., NP ¡ P0 . Nevertheless, unless one starts close enough to NP ,
many terms must be used. Note that the formulas for high-order

Fig. 2 Normalized er-
ror " vs the relative
change in k1: – ¢ –, order
0; – – –, order 1; ——,
order 2.

derivatives for the case in which the system depends linearly on
a single parameter are simpler because second- and higher-order
derivatives of (A, B, C ) are zero.

As was already mentioned, the coef� cients on the left-hand side
of the equations are the same and the procedure involves therefore
only one matrix inversion. Equation (49) is solved recursively to
obtain additional terms in the series. It remains to show how to get
the system P0 with its known reduced-orderestimator.The simplest
way is to start with a system whose full-order optimal estimator is
nonminimal and whose McMillan degree is ne . This happens if the
dimension of the controllable subspace of .A0; B0/ is ne . A natural
choice is

A0 D A; C0 D C; B0 D V¯ (64)

where V 2 Rn ¢ ne consists of ne eigenvectorsof A and ¯ is arbitrary.
To make P0 close to NP we choose

¯ D V C B (65)

because it minimizes kB ¡ V¯kF . This approach compares well
with homotopic methods for the solution of the optimal projection
equationsthat characterizethe optimalreduced-orderestimator.The
key point is that the method requires only one inversion of a coef-
� cient matrix, whereas in homotopic and Newton–Raphson meth-
ods it is done every step. The result is a considerable reduction in
computational effort. A less favorable characteristic is that in the
recursive algorithm derived in Sec. III each stage requires the solu-
tions of all previous stages, which adds up to considerablememory
requirements.

VI. Summary
Methods for obtaininga reduced-orderestimator that dependson

varying, yet known, parametersof the system were developed.Two
schemes for updating the optimal estimator without re-solution of
theproblemwere suggested.Bothwerederivedby repeateddifferen-
tiation of the equations that characterize the optimal reduced-order
estimator. The on-line calculationsconsist of only evaluatinga ma-
trix polynomial in the deviation of the parameter from its nominal
value. The required off-line calculations are only weakly affected
by the level of the approximation,as the same system of linear equa-
tions is solved at each step. The same results were used to derive
a method for numerical solution of the nominal case. The solution
is expressed as a deviation from a � ctitious nominal system with
a known reduced-order estimator. Such systems can be found by
consideringa nonminimal system that is close to the true system. A
method of constructing such a system is given.

Appendix: Formulas for D j;k

D1;k D OD1;k C OD1;kT C
k ¡ 1

i D 1

° k
i Qai V

¡1
2 QT

ak ¡ i

C ¿? Qai V
¡1

2 QT
ak ¡ i

¿ T
? ¡

k

i D 0

° k
i Bi V1 BT

k ¡ i

¡
k ¡ 1

i D 1

k ¡ 1

j D 1

¯k
i j ¿?i QV j ¿

T
?k ¡ i ¡ j (A1)

D2;k D 0 OD2;k C OD2;kT ¡
k ¡ 1

i D 1

° k
i 0i Ek ¡ i (A2)

D3;k D OD3;k C OD3;kT
GT ¡

k ¡ 1

i D 1

° k
i Fi G

T
k ¡ i (A3)

D4;k D ¡
k ¡ 1

i D 1

° k
i 0k ¡ i G

T
i (A4)
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where
OD1;k D ¡ Ak ¡ Qa V ¡1

2 Ck Q C Bk V12V ¡1
2 QT

a

¡ ¿? QC T
k C Bk V12 V ¡1

2 QT
a ¿ T

? ¡
k ¡ 1

i D 1

° k
i Ai ¡ Qa V ¡1

2 Ci

£Qk ¡ i ¡ GT
i 0k ¡ i QV ¿ T

? C ¿? Q i C
T
k ¡ i V

¡1
2 QT

a ¿ T
? (A5)

OD2;k D Ak
OQ C QC T

k C Bk V12 V ¡1
2 QT

a C AQ i j

C
k ¡ 1

i D 1

° k
i

³
Ai

OQk ¡ i C Q i C
T
k ¡ i V

¡1
2 QT

a C 1
2

Qai V
¡1

2 QT
ak ¡ i

´

(A6)

OD3;k D ¡ AT
k ¡ C T V ¡1

2 Ck Q ¡ C T
k V ¡1

2 QT
a ¡ C T V ¡1

2 V T
12 BT

k
OP

¡ AT P i j C
k ¡ 1

i D 1

° k
i CT V ¡1

2 Ck ¡ i Q i
OP

C C T
k ¡ i V

¡1
2 QT

ai
OP C NAT

i
OPk ¡ i (A7)

QV Qa V ¡1
2 QT

a ; QV k D
k

i D 0

° k
i Qai V

¡1
2 QT

ak ¡ i
(A8)

¿?k D ¡
k

i D 0

° k
i GT

i 0k ¡ i (A9)

Ek D
k

i D 0

° k
i Ai

OQk ¡ i C OQ i AT
k ¡ i C Qai V

¡1
2 QT

ak ¡ i
(A10)

OQk D GT
k 3G C GT 3k G C GT 3Gk C Q i j (A11)

Q i j D
k ¡ 1

i D 0

k ¡ 1

j D 0

¯k
i j G

T
i 3 j Gk ¡ i ¡ j (A12)

Fk D
k

i D 0

° k
i

NAT
i

OPk ¡ i C OPi
NAk ¡ i (A13)

OPk D 0T
k 30 C 0T 3k0 C 0T 30k C P i j (A14)

P i j D
k ¡ 1

i D 0

k ¡ 1

j D 0

¯k
i j 0

T
i 3 j 0k ¡ i ¡ j (A15)
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