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Optimal Reduced-Order Estimators
for Parameter-Dependent Systems

Alina Zlochevsky* and Yoram Halevi'
Technion—lIsrael Institute of Technology, 32000 Haifa, Israel

The optimal reduced-order estimation problem in which the plant model depends on parameters, which are
known at the time of operation, is considered. Such cases occur when the parameters are either measurable or
their changing values are known in advance. A method for approximation of the updated estimator, without
complete re-solution of the problem, is given. A similar approach is used to develop a new algorithm for the
numerical solution of the nominal reduced-order estimation problem.

Nomenclature
A, B,C =nXn,n X m,r X n system matrices
A., B,,C,,D, =n,xn,, n,xr,1xn,, [ xr estimator matrices
Diag(Z) = diagonal of matrix Z
E = expected value
1 = identity matrix
L = [ X n matrix
0,0,pP = n X n nonnegative definite matrices
0. = n X m matrix
R = n X n positive-definite matrix
RsxP = s X p real matrices
Vi, V, = m x m, r X r positive-definite covariance
matrices
Vi, = m X r cross-covariance matrix
Vec(Z) = columns of matrix Z stacked in a vector
wi, Wy = m-, r-dimensional white noises
X, X, Y, Ve = n-, n,-, r-, [-dimensional vectors
r,G = n, X n matrices
T, T, = n X n projection matrices

I. Introduction

PPROXIMATION of high-order, complex systems by lower-
order, relatively simpler ones is one of the fundamental prob-

lems in linear system theory and has received considerable attention
for many years. Order reduction can be applied to models of the
plant, feedback controllers, and state estimators. Among these three
types of dynamic systems the need for order reduction is perhaps
mostobvious in state estimation because models are usually used in
off-line applications, and controllers, unless designed by some au-
tomatic method such as linear-quadratic-Gaussian (LQG) H,, etc.,
need not have high order. Standard state estimators, on the other
hand, are on-line devices whose order is equal to that of the system.
One suboptimal approach to the design of reduced-order es-
timators is to use a reduced-order model, obtained by one of
the existing methods such as balanced realization,! Hankel norm
approximation? or L, optimization* and then design a full-order
estimator for it. Another approachis to first design the full-orderes-
timator and then treatit as a model and reduce its order by use of the
same methods. However, none of these approaches is optimal be-
cause order reduction and optimization are not independentof each
other. Direct design methods, e.g., Refs. 5-7, combine order reduc-
tionand estimation within a single framework. The optimal reduced-
orderestimation problemwas first solved by Bernsteinand Hyland
Since then it has been extended to several directions, such as singu-
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lar cases,” unstable plants,'® observer-estimator structure,
steady-state preservation.’

The starting point of all these methods is a given, constant plant
model. In many cases the plant model depends on physical parame-
ters that may change. If those changes are unknown then one should
use either robust estimation methods'*!> or adaptive estimation.'®
Robustestimationmeans that a single constantestimatoris designed
to have the required performance for a family of plants. In adaptive
estimation the parameters are identified in real time and the esti-
mator is updated accordingly. However, in some applications the
parameters can be assumed to be known at any time, either be-
cause they are measurable, e.g., altitude, or because one has prior
knowledge regarding the changing values. The question is how to
update the optimal reduced-order estimator with the known values
of the parameters. This problem is essentially gain scheduling for
this special type of estimator. Because estimation is an open-loop
procedure and both the plant and the estimator (for all values of the
parameters) are stable, no stability problem arises, contrary to gain
scheduling in control.!”

The physical situation considered in this work is that the param-
eter is a constant that may change and is not a continuous function
of time. Therefore the optimal steady-state estimator is considered.
If the parameters change continuously but slowly enough, then the
steady-state estimator for their current value can still be used as it
represents an adiabatic approximation.'® In the full-order case, up-
dating the estimator whenever the parameters change requires the
solution of the algebraic Riccati equation, which is sometimes pos-
sible during operation. Because the computation effort required for
the nominal solution of the reduced-orderestimatoris much higher,
it cannot be done in real time and a different approach should be
taken.

In this paper an approximated updating scheme, based on a se-
ries expansion of the optimal reduced-orderestimator, is presented.
Most of the calculation is done off line, which makes it suitable
for on-line applications. A similar result for updating reduced-order
models was consideredin Ref. 19. However, as was discussedin the
preceding paragraphs, order reduction and estimation are coupled
and the problem needs separate treatment.

The derivation leads also to a new method of numerical solution
of the nominal reduced-order estimation problem. The idea is to
define a system fictitiously with a known reduced-order estimator
as the nominal system and to regard the passage to the true systemas
a parameter change. The method can be an alternative to homotopic
methods.?*?! which are commonly used to solve this problem.

The material is organized as follows. Section II presents the opti-
mal reduced-orderestimationproblemand its solutionand discusses
the numerical solution of the equations. In Sec. III an updating
scheme, which is the main result of the paper, is derived. The appli-
cability of the method is demonstrated by means of an example in
Sec. III. Section V deals with the numerical solution for the nominal
case based on the model updating schemes of Sec. III. The results
are summarized and discussed in Sec. VI.
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II. Optimal Reduced-Order Estimation
Given the stable nth-order system

x(t) = Ax(t) + Bw(?) (1)
y() = Cx(t) + wy (1) )
where
w (1) T T v Vi _
| Jloteo wreol} = [ V2o
V, >0 3)

itis desired to find an n,th-order estimator (n, < n) given by
x.(t) = Aex.(t) + By (1) )
Ye(t) = Cex (1) + Dey(1) )
that minimizes

J = lim E{[Lx(®) = y. (O] RILx(1) —y.O]} ~ (6)

The matrix L determines the linear combinations of the state vari-
ables that are to be estimated, and R > 0 is a constant weighting
matrix. It is well known that the full-order optimal estimator, i.e.,
the Kalman filter, is independentof L and R, but this is not the case
in reduced-order optimization.

The following Lemma is required for the solution of the problem.

Lemma 2.1 (Ref.8): Let Q, P € R"*" benonnegativedefinite and
rank Q =rank P =rank Q P =n,. Then there exist (nonunique) G,
I' € R"*" and nonsingular M € R" *" such that QP =TMGT
and 'GT =1,,. The projections 1 =G'T and r, =1, — 7 are in-
dependent of the particular choice of G and I".

The optimal reduced-order estimator is given by the following
theorem.

Theorem 2.1 (Ref. 8): Suppose that (4., B,, C,) solves the opti-
mal reduced-orderestimation problem. Then it is given by

A, B, r'(A-9,v,'C)GT ro,v;,!
R B i e

¢, | D LG” | o

where

0,=0C" + BV, ®)

I, GT, 7, and 7, are as in Lemma 2.1 and the nonnegative definite
matrices Q, P, Q € R"*" satisty

AQ+ QA" + BV,BT — Q,V,' QT +7,0,V;'QTcl =0 (9)
AQ+ QAT+ 0.V, 0 — 7,0,V 0Tl =0 (10)
(A—0Q.v,'C) B+ P(A—0,V,C)

+L"RL—t[L"RLt, =0 (11)

rank(Q) = rank(P) = rank(Q P) = n, (12)

Equations (9-12) are independent of the specific realization of
(A., B,, C,) and have a distinct structure. On the other hand, these
equations are not in a convenientform for numerical solution, as the
rank condition is hard to enforce. To obtain a more suitable form
we introduce in the following Lemma a specific factorization.

Lemma 2.2 (Ref. 20): Suppose that Q and P € R"*" are non-
negative definite and condition (12) is satisfied for some n, < n.
Then there exist Gy, '€ R™*" and diagonal positive-definite
Ao € R" *" such that

0 = Gl AyGy, P =TT ATy, TGl =1,

First we note that QIAS = GgAéFO; hence the triplet (G, Iy, Aé)
is a factorization of Q P as in Lemma 2.1 and represents a specific
realization of the estimator. If the diagonal entries of A are distinct

and arranged in a certain order, e.g., descending, then this factor-
ization is unique up to multiplication of the ith row of both I'y and
Gy by —1. Hence I'y, Gy, and Ay, together with Q, constitute an
appropriate set of unknowns for the solution.

By premultiplying Eq. (10) by I'y, postmultiplying Eq. (11) by
G!', and using the relationships [yt; =0and t, G] =0, we obtain

AQ+ QA" + BV{BT — Q,V; ' Q!
+(1, - GIT) 0, Vv, 07 (1, - GITy) =0 (13)
To(AG AoGo+ G AgGoAT + Q,V, ' Q1) =0 (14)
[(A - Qav;‘c)TrOTAOr0 + T AT (A - 0,V,'C)
+LTRL]Gg =0 (15)

ryG! -1, =0 (16)

The only obstacle that remains, except for the actual solution of
this set of coupled nonlinear equations, is that there are more equa-
tions than unknowns. Equations (13-16) contain n®>+2nxn, + nf,
scalar equations but only n%+ 2n x n, + n, unknowns. However,
it was shown in Ref. 19 that Eqs. (14) and (15) contain each only
n, x n+ (n* —n,) /2 independentequations, which makes the num-
ber of independent equations and unknowns equal. Equations (13-
16) are the basis for the main results of the paper in Sec. III. We
now drop the subscriptO from I', A, and G, but they still represent
the values obtained by the factorizationin Lemma 2.2.

III. Parameter-Dependent Reduced-Order Estimator
Supposethatthe systemdependson a vectorof known parameters

«,i.e.,
x(1) = A()x(1) + Bla)w, (1) (17)
(@) = Cl@)x(@) + wy(t) (18)

Then the optimal reduced-orderestimator also depends on «:
A, (a) B, ()
Cw) | D@ ]
F@[A@ - 0@V, C@]G"@ | M@V,
LGT (@) | 0

(19)

The dependenceof A, B, and C is explicit whereas thatof I', G, and
Q is implicit by means of Eqs. (13-16). The ability to update the
parameters during operationis often a necessity, as explainedin the
introduction, and an on-line solution of Eqgs. (13-16) is unrealistic.
In this section we derive two approximatedupdating schemes of the
reduced-order estimator for a given change of the parameter. Both
are based on power-series expansion about the nominal «°. For the
sake of simplicity of the presentation we assume for the moment
that « is a scalar. The generalization for the vector case is given in
Remark 3.4.

Scheme I: In this approach I' (&), G(«), and Q(«) are approxi-
mated by a truncated Taylor series:

f'(Ol) = F(ao) + £(O( _aO) et LE(O{ _aO)p (20)
oo p’ oaP

G(O() = G(o{o) + E(O( — aO) 4+ .+ i apG(O[ _ a0)p 1)
oo p’ oaP

O@@) = 0" + Q(oz —a) et 1 aPQ(a —a%? (22)
oo p’ ool

All the derivativesare evaluated at @ = o® and this is the convention
from now on. The approximationsare then used in Eq. (19) instead
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of the exact I'(«), G (), and Q(x):
A@ | Bu] _
Cole) | Do) |

|:f‘(oz)[A(oz) -

0.V, 'C@]G" @) | T@0.@V;"
LG () | 0
(23)

Scheme II: In this approach the estimator matrices are approxi-
mated directly:

I A,

N 1
Ae(a):Ae(O[ 0)++— (O[_Olo)p
p! da?
(24)
A 9B, 1 37B,
B.(@) = B,(@") + —(@—a®) +-- -+ — (o — a®)?
oo p! da?
(25)
A aC, 1 37C,
Co(@) = Co(@”) + —(@ —a") + -+ ——(a —a")’
oo p! dar
(26)

The off-line calculations of both schemes are almost identical be-
cause the partial derivatives of the estimator matrices are calcu-
lated from those of I', G, and Q. From an on-line operation point
of view, Scheme II is superior because it involves less calculation
and is in a lower dimension then Scheme 1. Our experience, based
on several examples, shows that the accuracy of both schemes for
the same order of approximation p is comparable. We therefore
proceed with Scheme II; yet the derivation includes the required
steps for Scheme I as well. Differentiating Eq. (7) with respect to «
yields

0A ol 9A aGT
— = — AG"+TI—G" +TA 27
oo Ja Ja Ja @7
0B, ol 0B
—_— =—B+TI'— 28
Ja Ja + da (28)
oC, oC aGT
— =—GT"+cC 29
Ja Ja + Ja (29)
where
A2A-0.V,'C (30)
aA aA 00, oC
Q vy 'c - 0.V, — (31)
aa aa Ja aa
00, 0B 0 aCT
Qu _ V12+—QCT+Q (32)
da O Ja da

By substituting Eqs. (30-32) into Eq. (27), we obtain

0A, 0A 9B 0oC ol aG 0
0 _plapc 828 3C g o L 00 20
Ja da Jdo Jda | Oa aa aa

known

(33)

and similar expressionsfor B, and C,. dA /d«, d B /da, and dC /9,
which appear in Eq. (33), are known matrices, and therefore we
need to calculate only 00 /da, T /da, and dGT /3. At this point
it should be noted that the fact that I' and GT in Egs. (13-16)
represent a specific realizationis an advantage because the changes
that are required correspond to that realization.

Differentiating Eqs. (13-16), which can be symbolically written
as

H(A,B,C,T,G,A,Q0)=0 (34)

leads to

oH _

da
0A BB ac o' G 0A 0

F|A B, C,= FGAQ————Q
Ja aa 8 daa Jdo da Jda

coefficients unknowns
=0 (35)

These equationsare linear in the unknowns and can be easily solved.
Substituting the solutions into Eq. (33), we get the first-order term
in the series expansion. To obtain a higher-order term we proceed
in a similar manner and differentiate Eq. (35) once more. 3 Q /d«,
o' /da, and 3GT /3« have already been calculated and are known
at this stage, so the only unknowns are the second-orderderivatives
of I', G, and Q, which will be used in the evaluation of the second-
order derivatives of A,, B,, and C,. Repeating the same procedure
k times, we get the following results:

8 A, B’F BJA k-i-JiGT (36)
_ZZ B B da) dak—i-
-y @)
aak B Vi Dol dak— v,
*C,  9GT
EraT (38)
where
A A xS 00, 9iC
e k- =dy -1 39
dak dak i—oyl dai 2 dok—i (39)
»*Q, 0B Ly diQak-icT
L= —Vp+ F— _ 40
dak dak 2 ;y’ ol Qok—i (40)
and
k!
e mrren if i+j<k
ﬂikj = diljltk—i—j) 41)
0 otherwise
k k! @2)
Vi T k=)

To calculate these values we need the derivatives of I, G, and
Q up to kth order. The results are summarized in the following
lemma, in which we use the notation X; = akX/aak, where X is
any variable.

Lemma 3.1: Qy, Ty, Gy, and A, are given, for all k, by

AQi+ QAT = (GIT +G'T) Qut] —1.0.(I Gy +T{ G)
+1.(QCTV, 0l + 0.V, '€t = D (43)
I E +TAGIAG + TAG" A,G +TAGTAG,
+TGIAGAT + TG A, GA” + TGT AG, AT
+roc'v; ol + 10,V 'CQ = D (44)
FGI —CTV,'CQ,PG" — PQ,CTV,'CGT
+ AT A + ATTT A, + A'TTAT, G + T/ AT AGT
+TTATAGT + TTATLAGT = D3* (45)

I,G" + G = D** (46)
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where

E=AQ+ QA" + 0,V 07 47)

A <

ATP+PA+LTRL (48)

=

The D’* consistof Q, T, GT, and A and theirk — 1 first derivatives.
The expressions for them are fairly long and are therefore given in
the Appendix.

Proof: For k = 1,Eqgs. (43-46) are the detailed version of the con-
ceptual equation (35). We obtain them by differentiating Eqs. (13-
16) with respect to « and moving all the known terms, which are
givenin the Appendix by setting k = 1, to the right-hand side. When
Eqs. (43-46) are differentiated and only the highest-order deriva-
tives Oy, I'y, GkT, and A, are kepton the left-handside, the structure
remains the same and only the right-hand side changes. O

Remark 3.1: Equations (43-46) are linearin Qy, Iy, G, and Ay,
where the right-hand sides, though looking very complex, consistof
known quantities at the kth step. By means of Kronecker products
and a similar operation for diagonal matrices, these equations can
be written in the standard form,

th te hs ta Vec(GkT) Vec(D'¥)
by 1y i Iy Vee(Ty) | _ Vec(Dz'k)—‘ 49)
fy In By by Diag(Ay) Vec(D*F)
Ly L Lz Iy Vec(Qy) Vec(D**)

where Vec(-) is a vectorobtained when the columns of (-) are stacked.

Remark 3.2: Equation (33) has n? +2nn, + n? rows (equations)
and n? + 2nn, + n, unknowns. However, the partial derivatives are
evaluated at a point that is an exact solution of Egs. (13-16); hence
Eq. (49) is consistent. One can either use a left inverse of the coef-
ficient matrix or simply delete n? — n, equations.

Remark 3.3: An important property of the solution is that the
coefficient matrix is independent of the derivatives order k, and
only the right-hand side of Eq. (49) changes. Hence the procedure
involvesonly one matrix inversion(or an equivalentoperationon the
coefficient matrix) and the amount of computation is only weakly
affected by the order of the approximation,i.e., the number of terms
used in the series. This is very favorable from a computation point
of view.

Remark 3.4: There is no conceptual change in the results when
the system depends on N parameters «; instead of a single one. The
following changes are made in the entire derivation:

arX arX -
aap*Z“'Zm’ dop=p (O
12 PN

izl
87X . 87X
NN 9+
daP (@—a)’ = Z Z dal - dal?
p1 PN

X (al —a?)pl (OlN - ot?v)pN (51)

To be more specific, Eqs. (27-35) remain the same with «; instead
of « and they are calculated N times. Hence in first-order approx-
imation the changes are minimal. In higher-order approximations
the unknowns in Eqgs. (43-46) represent an increase in the order of
the derivative of a single parameter, say o;:

XN:ki =k—1 (52)

i=1

O — le....,kj,l.kj+1.kj+1....,kN,

The left-hand side of Eqs. (43-46) or, equivalently, Eq. (49), is
constant for each ;. The matrix inversion is performed not once,
as in Remark 3.3, but N times. Going back from the derivatives of
the projection to those of the estimator matrices in Eqs. (36-38) is
straightforward yet involves summation over all the parameters.

The procedure for obtaining the coefficient matrices for the
parameter-dependentreduced-orderestimator is summarized in the
following algorithms for both schemes.

Fig.1 System of the example.

Scheme I:

Step 0: Setk = 1.
Step 1: Calculate D/* the right-hand-sideterms in Eq. (49).
Step 2: Solve Eq. (49) for Q;, Iy, Gy, and A;.
Step 3: If k = p, stop. Otherwise set k =k + 1 and go to step 1.
The outputs are the constant matrices Q;, 'y, and G, k=1, ..., p.
The updated (I', GT, Q) are calculated on line from Eqgs. (20-22)
and the updated (A,, B,, C,) follow from Eq. (19).

Scheme I1:
Step 0: Setk = 1.
Step 1: Calculate D/* the right-hand-sideterms in Eq. (49).
Step 2: Solve Eq. (49) for Qy, Tk, Gy, and A.
Step 3: Calculate 3% A, /da*, 3% B, /da*, and 3% C, /da*.
Step 4: If k = p, stop. Otherwise set k =k + 1 and go to step 1.
The outputs are the constant matrices %A, /da*, 3*B, /da*, and
3*C,/da*,k=1, ..., p. The updated (A,, B,, C,) are calculated on
linefromEqgs. (24-26), a procedurethatinvolvesonly multiplication
of given matrices by scalars and one summation.

IV. Example
Consider the system in Fig. 1, which can be regarded as a sim-
plified model of a flexible structure such as an airplane wing, a
lightweightrobot arm, etc. The random force f is modeled as white
noise with intensity V;. The output is defined as the displacement
y1, and the measurement noise is w.
The state-space model is given by

o 0 1 0 0
0 0 0 1 O—‘
= &k ko a o fyil ]y o3
my my my m; m,
ko ktk o ¢+ 0
my my my my
y=[1 0 0 Olx+ w; (54)
The nominal values are
m1=m2=1, klzkzzl, CIZO.I, C220.3
VvV, =0.75, V, =0.1, Vi, =0

L and R were both selected as Iy, i.e., the entire state vector is
estimated. k; may change and is given by

ki =1+ Ak (55)

The goal is to find an estimator of the order of 2 for this fourth-
order system for a range of Ak. Applying the method described in
Sec. III for second-order approximation, we get

| —0.4702  0.6451 0.0594 0.0990
°7 | -2.1010 —1.0093 0.4358 0.3608

(56)

—0.0471 —-0.0708 AR
—0.6422 —0.5498

B — —0.3545 n —0.0940 Ak + 0.0576 AR (57
T —1.2717 —0.0953 —0.1286
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—1.3198 —0.7415 0.5236 0.3581
c — —0.8358 —0.3444 —0.0483 —0.0218 Ak
°7 1 03243 —1.0860 —0.0638 0.4595
0.1415 0.7842 0.0444 —0.0726

—0.4875 —0.3644
0.1119 —0.0511 )

+ Ak (58)
0.0312 —0.4491

—0.0030 0.1616

The optimal reduced-orderestimator for a given k; is always stable.
Because Eq. (56) is an approximation of the true A,, one should
check the range of Ak for whichitis stable. A simple search reveals
that A, in Eq. (56) is stable for —3.7 < Ak < 8.6, which is well
beyond the physical range. As the criterion of accuracy we use the
normalized deviation of the approximated estimator cost J,p, from
the cost J., for the exact solution (which was calculated separately
for each value of k;):

— e e 59
¢ Tox 59

Figure 2 shows ¢ as a function of Ak for approximations of the
order of 2, 1, and O (which means that the estimator remains un-
changed). The approximations are very good even for 50% devi-
ation from the nominal value, and, as was expected, the accuracy
increases with the order of the approximation. For Ak = —50% the
deviation in the cost ¢ without updating is ~80%. The first-order
approximationimprovesit to 13%, and second-orderapproximation
improves it to 2%.

V. Application to the Solution of the Nominal Problem

By changing our point of view, we can use the method that was
developed in Sec. I1I to solve the nominal problem that is given in
Theorem 2.1. Let

p=|t 0 (60)
lc oo
be the system for which we want to find the optimal n,th-order
estimator and
Ay By
Py, = 61
0 [ C, O:| (61)

be a system for which the solution is given, i.e., I', G, and Q are
known. Then we can define

P(a) = Py +a(P — Py) (62)
and clearly
P()=P (63)

Hence we can find the reduced-order estimator for P by using the
methods of Sec. III with &« = 1. Assuming that the series converges,
then by adding more and more terms we get closer to the exact
solution. Note that, although in general o =1 is not regarded as
small, it is the product o(P — P,) that should be relatively small
becausethederivativesof Q,I', G,and A areproportionalto d P /d«,
i.e., P — P,. Nevertheless, unless one starts close enough to P,
many terms must be used. Note that the formulas for high-order

0.2
0.15
Fig. 2 Normalized er- Y
ror € vs the relative
change inky: - - -, order 0113
0; ---, order 1; —,
order 2. 0.05

derivatives for the case in which the system depends linearly on
a single parameter are simpler because second- and higher-order
derivatives of (A, B, C) are zero.

As was already mentioned, the coefficients on the left-hand side
of the equations are the same and the procedure involves therefore
only one matrix inversion. Equation (49) is solved recursively to
obtain additional terms in the series. It remains to show how to get
the system Py with its known reduced-orderestimator. The simplest
way is to start with a system whose full-order optimal estimator is
nonminimal and whose McMillan degree is n,. This happens if the
dimension of the controllable subspace of (A, By) is n.. A natural
choice is

By =V (64)

where V € R""" consists of n, eigenvectorsof A and § is arbitrary.
To make P, closeto P we choose

B=V'B (65)

because it minimizes ||B — V| r. This approach compares well
with homotopic methods for the solution of the optimal projection
equationsthat characterizethe optimalreduced-orderestimator. The
key point is that the method requires only one inversion of a coef-
ficient matrix, whereas in homotopic and Newton-Raphson meth-
ods it is done every step. The result is a considerable reduction in
computational effort. A less favorable characteristic is that in the
recursive algorithm derived in Sec. III each stage requires the solu-
tions of all previous stages, which adds up to considerable memory
requirements.

VI. Summary

Methods for obtaining a reduced-orderestimator that depends on
varying, yet known, parameters of the system were developed. Two
schemes for updating the optimal estimator without re-solution of
the problemwere suggested. Both were derived by repeateddifferen-
tiation of the equations that characterize the optimal reduced-order
estimator. The on-line calculations consist of only evaluating a ma-
trix polynomial in the deviation of the parameter from its nominal
value. The required oft-line calculations are only weakly affected
by the level of the approximation,as the same system of linearequa-
tions is solved at each step. The same results were used to derive
a method for numerical solution of the nominal case. The solution
is expressed as a deviation from a fictitious nominal system with
a known reduced-order estimator. Such systems can be found by
considering a nonminimal system that is close to the true system. A
method of constructing such a system is given.

Appendix: Formulas for D/*

k—1
~ A T -
D" = D" 4+ D' + E 7 (Qa Vit 0o,

i=1

k
+1.0, V00 1) - Z ¥/'B;ViB]_,

i=0

k=1 k-1

- ZZﬂSHiQwTﬂqf,’ (A1)

i=1j=1

k—1

DY — l—w(ﬁz.k + DAZ_/(T) . Z)/I-kriEkfi (A2)
i=1
k=1
D3 — (D3./< + D3./<T)GT _ ZyikFinTﬂ_ (A3)
i=1
k=1
D* = =3 " yir 6T (A4)

i=1
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where
D" = —(A = Q,V;'C) O + B ViV, OF
k—1
— (0T + Bive) v el = Y (4 - @uvi'C)
i=1
xQi = GITuQutl + 0.0, CL, v, oIl | (AS5)

D* = 4,0+ (QC] + B.Vi)V; ' Q7 + AQY

k—1

W (Ale+QcT Vool 41 70 Vs ' 0 )
i=1

(A6)

D¥ = —(A] —CTV;'C0 - IV O — CTV VBT P

k—1
—ATPV 4 Z)/I-k(CTVJICkfiQiIS

i=1

+CI V' 0T P+ AT (A7)
k
020,70l c=Y e,V (A8)
i=0
k
Tu=—Y 6T (A9)
i=0
k
E =Y v (AiQii+ QA+ 0,V 0L ) (A10)
i=0
0y = GI'AG + G"AG + GTAG, + QY (A11)
k—1 k-1
0l = ZZﬂUG NG (A12)
i=0 j=0
k - -
b = Zy,*(AiTPkfi + PA) (A13)
i=0
P =TI AT +T7 AT +TTAT, + PV (A14)
k—1 k—1
pii — ZZﬂul" AT i (A15)
i=0 j=0
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